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1. Introduction
In [12], O’Neill defined a Riemannian submersion, which is the “dual” notion of isometric
immersion, and obtained some fundamental equations corresponding to those in Riemannian
submanifold geometry, that is, Gauss, Codazzi and Ricci equations. He also defined a semi-
Riemannian submersion in [14]. Moreover, some results on geodesics in a Riemannian submer-
sion were obtained in [13]. In affine geometry, affine hypersurface theory is well-known (see
[11] and [16], for example). Certain affine immersions of codimension two were also studied
in [10]. In the case of higher codimension, Nomizu and Pinkall defined an affine immersion with
transversal subspaces and obtained fundamental equations in [9]. The purpose of this paper is
to define an affine submersion with horizontal distribution, which is the “dual” notion of affine
immersion in the sense of [9], and to obtain fundamental equations which generalize those of
O’Neill’s. In the case where π : M → B is a semi-Riemannian submersion, we can certainly
choose the horizontal distribution which is given by a metric on M . In our definition, there is
no such natural choice of horizontal distributions. In some examples given below, however, we
can take suitable horizontal distributions. In this connection, we note that Blumenthal called a
submersion π : M → B an affine submersion if π∗ commutes with the parallel translations
induced by affine connections on M and B. This is a special case of an affine foliation in [1]
and [5]. For the affine submersion, we will show that certain geometric operators vanish for an
arbitrary choice of horizontal distributions. Thus his definition is too restrictive to generalize a
semi-Riemannian submersion.
For a torsion-free affine connection ∇ and a metric gM on a manifold M , we say (M, ∇, gM )
is a statistical manifold if ∇gM is a symmetric (0, 3)-tensor. Statistical manifolds have been
studied by many researchers, see [3] and [7], for example. In [4], they mentioned a Riemannian
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submersion from a statistical viewpoint. Especially, if an affine connection on a total space
transfer to a base space in the sense of [4], then we get an example of an affine submersion
with horizontal distribution, where the orthogonal complement can be naturally taken as the
horizontal distribution.
On a reductive homogeneous space, we can take the horizontal distribution induced from a
decomposition of the Lie algebra. The existence and uniqueness of invariant connections on
reductive homogeneous spaces can be proved from an affine submersion viewpoint (cf. [8]).
In view of the importance of invariant connections with non-vanishing torsion tensor, decent
consideration will be given to the connections with torsion tensors.
On the bundle of volume elements on a manifold, which is a principalR+-bundle, a Thomas–
Whitehead connection can be considered (cf. [6] and [15]). If a horizontal distribution is defined
by a connection form, the projection of this bundle is an affine submersion with horizontal
distribution. Taking another connection form, we can get another induced connection on the base
space. In this case, two induced connections on the base space are projectively equivalent each
other. We will consider a generalization of this fact on a principal fiber bundle with connections.
We study how fundamental tensors and connections vary when change the connection forms,
which give the horizontal distributions. Moreover, some properties which are independent of
the choice of horizontal distribution are obtained.
In Section 2, we will define an affine submersion with horizontal distribution. Fundamental
tensors will be defined in a similar way to those of O’Neill’s and fundamental equations will
be given in Section 3. Also, we will consider the change of a horizontal distribution for a given
submersion. In Section 4, we will give the equations for the covariant derivative of a vector
field on a curve, generalizing those associated with a semi-Riemannian submersion. The proof
given here is more elementary than that in [13]. Moreover, we will also study geodesics and
completeness of connections. Finally, in Section 5, examples of an affine submersion with
horizontal distribution will be considered.
The authors would like to acknowledge the constant encouragement of Professor S. Yam-
aguchi throughout the preparation of this paper.
2. An affine submersion with horizontal distribution
Throughout this paper, all objects are assumed to be smooth. Let M and B be manifolds.
A surjective map π : M → B is called a submersion if π has maximal rank, that is, each
differential map π∗ of π is surjective; hence, for each b ∈ B, π−1(b) is a submanifold of M
of dimension dimM−dimB. We call the submanifolds π−1(b) fibers. Set V(M)x := Ker(π∗x)
(⊂ Tx M) for x ∈ M . A submersion is called a submersion with horizontal distribution if a
smooth distribution x → H(M)x which satisfies Tx M = V(M)x ⊕H(M)x is given. We call
V(M)x (resp.H(M)x ) the vertical (resp. horizontal) subspace of Tx M . LetH and V denote the
projections of the tangent space of M onto horizontal and vertical subspaces, respectively.
Let π : M → B be a submersion with horizontal distribution H(M). We note that
π∗|H(M)p : H(M)p → Tπ(p)B is an isomorphism for each p ∈ M . A vector field E on M
is said to be projectable if there exists a vector fields E∗ on B such that π∗(E p) = E∗π(p) for
each p ∈ M, that is, E and E∗ are π -related. Also, a vector field X on M is said to be basic if
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it is projectable and horizontal. Every vector field on B has a unique smooth horizontal lift to
M . For a vector field on B, its horizontal lift is denoted by the same letter with tilde.
Let ∇ and ∇∗ be affine connections on M and B, respectively. We say that π : (M, ∇) →
(B, ∇∗) is an affine submersion with horizontal distribution if π : M → B is a submersion
with horizontal distribution and satisfiesH∇X˜Y˜ = (∇∗X Y )˜ for all vector fields X and Y on B.
Theorem 2.1. Assume that π : M → B is a submersion with horizontal distribution and ∇ is
an affine connection on M. If H(∇X˜Y˜) is projectable for all vector fields X and Y on B, then
there exists a unique affine connection ∇∗ on B such that π : (M, ∇) → (B, ∇∗) is an affine
submersion with horizontal distribution.
Proof. Setting ∇∗X Y = π∗(∇X˜Y˜), we show that ∇∗ is an affine connection on B. For example,
since ( f X )˜ = ( f ◦ π)X˜, we have
∇∗X ( f Y )= π∗(∇X˜( f ◦ π) Y˜ ) = π∗(( X˜( f ◦ π)) Y˜ + ( f ◦ π) ∇X˜Y˜ )
= (X f ) Y + f ∇∗X˜Y˜ .
The other conditions of affine connection can be proved similarly. The uniqueness is clear from
the definition. 
Using this theorem, the existence and uniqueness of the invariant connection on a reductive
homogeneous space for a given left invariant connection on the Lie group will be proved in
Section 5.
A connection V∇V on the subbundle V(M) is defined by (V∇V)E V := V∇E V for any
vertical vector field V and any vector field E on M . For each b ∈ B,V∇V induces a unique
connection ∇ˆb on the fiber π−1(b). Hereafter we often omit the superscript b. The torsion tensor
of ∇ is denoted by Tor(∇). From the definition, it follows that
Lemma 2.2. For vector fields X , Y on B and vertical vector fields V , W , we have
H
(
Tor(∇)( X˜ , Y˜ )) = Tor(∇∗)(X, Y ) ,˜ (2.1)
V
(
Tor(∇)(V, W )) = Tor(∇ˆ)(V, W ). (2.2)
From this lemma, we have
Corollary 2.3. If ∇ is torsion-free, then ∇∗ and ∇ˆ are also torsion-free.
If a map π : M → B is a semi-Riemannian submersion defined in [14] and ∇ and ∇∗ are
Levi-Civita connections on M and B, respectively, then π : (M, ∇) → (B, ∇∗) is obviously
an affine submersion with horizontal distributionH(M) = V(M)⊥.
3. Fundamental equations
By a similar way to those of a semi-Riemannian submersion, we define the fundamental
tensors of an affine submersion π : (M, ∇) → (B, ∇∗) with horizontal distribution H(M).
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Fundamental tensors T and A are defined for arbitrary vector fields E and F on M by
TE F := H∇VE(VF) + V∇VE(HF)
and
AE F := V∇HE(HF) +H∇HE(VF).
It is easy to check that these are (1, 2)-tensors. Note that these tensors can be defined in a general
situation, namely, it is enough that a manifold M has a splitting TM = V(M) ⊕H(M). Some
equations in this section and Sections 4, 5 are proved in this general situation. For more general
theory of connections on vector bundles with splitting, see [2].
From the definition, the following lemma can be proved as in the case of a semi-Riemannian
submersion.
Lemma 3.1. The tensors T and A have the following properties:
(1) TE and AE reverse the horizontal and vertical subspaces,
(2) TE = TVE and AE = AHE .
These properties are the same as those of a semi-Riemannian submersion. From a straight-
forward calculation, we have
Lemma 3.2. If V, W are vertical and X, Y are horizontal, then we have
TV W = HTor(∇)(V, W ) + TW V,
TV X = VTor(∇)(V, X) + V∇X V + V[X, V ],
AX Y = VTor(∇)(X, Y ) + V[X, Y ] + AY X,
AX V = HTor(∇)(X, V ) +H∇V X +H[X, V ].
From Lemma 3.2, we obtain
Corollary 3.3. If Tor(∇) = 0, then it follows that
TV W = TW V, (3.1)
TV X = V∇X V + V[X, V ], (3.2)
AX Y = V[X, Y ] + AY X, (3.3)
AX V = H∇V X +H[X, V ]. (3.4)
The equation (3.1) is the same as in the semi-Riemannian case. From (3.3), the horizontal
distribution is integrable if and only if AX Y = AY X for horizontal vectors X and Y . In the case
of a semi-Riemannian submersion, since A is alternative for horizontal vectors, the horizontal
distribution is integrable if and only if A = 0.
The inclusion map (π−1(b),∇ˆb) → (M, ∇) is an affine immersion in the sense of [9]. The
following equations correspond to formulae of Gauss and Weingarten.
An affine submersion with horizontal distribution 239
Lemma 3.4. Let X and Y be horizontal vector fields, and V and W vertical vector fields. Then
∇V W = TV W + ∇ˆV W,
∇V X = H∇V X + TV X,
∇X V = AX V + V∇X V,
∇X Y = H∇X Y + AX Y.
Hereafter in this section, we will derive the equations analogous to the Gauss and Codazzi
equations of an immersion. Let R be the curvature tensor of (M, ∇) defined by
R(E, F) G := ∇[E,F]G − ∇E∇F G + ∇F∇E G
for vector fields E , F and G on M . Similarly we denote the curvature tensor of ∇∗ (resp. ∇ˆ)
by R∗ (resp. Rˆ). Since we can not use a metric tensor, to compute the fundamental equations in
a unified manner, we define (1, 3)-tensors R P1 P2 P3 by
R P1 P2 P3(E, F) G := P3∇[P1 E,P2 F]P3G − P3∇P1 E(P3∇P2 F P3G)
+P3∇P2 F(P3∇P1 E P3G),
where Pi = H or V (i = 1, 2, 3) and E , F , G are vector fields on M . Using Lemmas 3.2
and 3.4, we obtain the following equations correspond to O’Neill’s formulae in the case of a
semi-Riemannian submersion.
Theorem 3.5. Let X, Y, Z be horizontal and U, V, W vertical. Then
VR(U, V )W = RVVV(U, V ) W + TV TU W − TU TV W, (3.5)
HR(U, V )W = H(∇V T )U W −H(∇U T )V W − TTor(∇)(U,V )W, (3.6)
VR(U, V )X = V(∇V T )U X − V(∇U T )V X − TTor(∇)(U,V )X, (3.7)
HR(U, V )X = RVVH(U, V ) X + TV TU X − TU TV X, (3.8)
VR(U, X)V = RVHV(U, X) V − TU AX V + AX TU V, (3.9)
HR(U, X)V = H(∇X T )U V −H(∇U A)X V − AAX U V + TTU X V
−TTor(∇)(U,X)V − ATor(∇)(U,X)V, (3.10)
VR(U, X)Y = V(∇X T )U Y − V(∇U A)X Y − AAX U Y + TTU X Y
−TTor(∇)(U,X)Y − ATor(∇)(U,X)Y, (3.11)
HR(U, X)Y = RVHH(U, X) Y − TU AX Y + AX TU Y, (3.12)
VR(X, Y )U = RHHV(X, Y ) U + AY AXU − AX AY U, (3.13)
HR(X, Y )U = H(∇Y A)XU −H(∇X A)Y U + TAX Y U − TAY XU
−TTor(∇)(X,Y )U − ATor(∇)(X,Y )U, (3.14)
VR(X, Y )Z = V(∇Y A)X Z − V(∇X A)Y Z + TAX Y Z − TAY X Z
−TTor(∇)(X,Y )Z − ATor(∇)(X,Y )Z , (3.15)
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HR(X, Y )Z = RHHH(X, Y ) Z + AY AX Z − AX AY Z . (3.16)
Since the inclusion map (π−1(b),∇ˆb) → (M, ∇) is an affine immersion, RVVV and RVVH can
be identified with Rˆ and the curvature tensor of the normal connections of fibers, respectively.
Therefore the equations (3.5), (3.6), (3.7) and (3.8) are Gauss, Codazzi and Ricci equations
with respect to fibers.
Moreover we define the following operator R˜∗ as in [12], for horizontal vector fields X, Y
and Z , we set
R˜∗(X, Y ) Z := H∇H[X,Y ] Z −H(∇X (H∇Y Z)) +H(∇Y (H∇X Z)).
Note that R˜∗(X, Y ) Z is not a tensor, but has the following property.
Lemma 3.6. For basic vector fields X, Y and Z , we have
R˜∗(X, Y ) Z = RHHH(X, Y ) Z −H∇V[X,Y ]Z = (R∗(π∗ X, π∗Y ) π∗Z) .˜
We shall now consider the change of a horizontal distribution for a given submersion. Take
another horizontal distribution H¯(M). The corresponding operators associated with this new
decomposition TM = V(M)⊕ H¯(M) are denoted by the symbol with “–”.
Proposition 3.7. For horizontal vector fields X , Y for H¯(M) and vertical vector fields V, W ,
we have
V¯∇V W = V¯TV W + V∇V W, (3.17)
V¯∇X V = V¯TVX V + V¯AHX V + V∇X V, (3.18)
H¯∇V X = H¯TVVX + H¯H∇VHX, (3.19)
H¯∇X Y = H¯TVXVY + H¯AHXHY + H¯H∇HXHY + H¯∇VXHY, (3.20)
T¯V W = H¯TV W, (3.21)
A¯X V = H¯TVX V + H¯AHX V, (3.22)
T¯V X = V∇VVX + TVHX + V¯TVVX + V¯H∇VHX, (3.23)
A¯X Y = V∇HXVY + V∇VXVY + TVXHY + AHXHY
+V¯TVXVY + V¯AHXVY + V¯H∇HXHY + V¯H∇VXHY.
(3.24)
The equation (3.20) will be applied to Thomas–Whitehead connections on the bundle of
volume elements in the last section. For an affine immersion, using an affine fundamental form,
the relative nullity space and the first normal space can be defined. It is known that the relative
nullity space and the dimension of the first normal space are independent of the choice of
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transversal bundle. For an affine submersion with horizontal distribution, we define
N1p := {E ∈ Tp M | TE V + AE V = 0 for any V ∈ V(M) p},
N2p := {V ∈ V(M) p | TE V + AE V = 0 for any E ∈ Tp M},
N3p := {V ∈ V(M) p | TV W = 0 for any W ∈ V(M) p},
N4p := {W ∈ V(M) p | TV W = 0 for any V ∈ V(M) p},
R1p := span{TE V + AE V | V ∈ V(M) p and E ∈ Tp M},
R2p := span{TV W | V ∈ V(M) p and W ∈ V(M) p}.
Note that ifHTor(∇)(V, W ) = 0 for vertical vector fields V and W , then we have N3 = N4.
Corollary 3.8. At each point, the subspacesN1,N2,N3,N4 and the dimensions of R1 andR2
are independent of the choice of horizontal distribution.
Proof. At first, we see that H¯|H(M) : H(M) → H¯(M) is an isomorphism. Thus (3.21) implies
that N3, N4 and the dimension of R2 are independent of the choice of horizontal distribution.
From (3.21) and (3.22), it follows that
T¯E V + A¯E V = T¯V¯E V + A¯H¯E V = H¯TV¯E V + H¯TH¯E V + H¯AH¯E V
= H¯TE V + H¯AHH¯E V = H¯TE V + H¯AHE V
= H¯(TE V + AE V ).
Then the statements for N1,N2 and the dimension of R1 hold. 
4. Geodesics
Let π : (M, ∇) → (B, ∇∗) be an affine submersion with horizontal distribution H(M). Fix
the following notation: if E is a vector field on a curve σ in M , then H is the horizontal partHE
of E , V the vertical part VE , and E∗ is the vector field π∗(E) = π∗(H) on the curve π ◦ σ in
B. The covariant derivative of a vector field on a curve is denoted by a prime; thus E ′∗ := (E∗)′
is a vector field on π ◦ σ . (E ′∗)˜ is the horizontal lift of E ′∗ to the curve σ . The following is a
direct generalization of the theorem due to O’Neill [13], and can be proved in a similar manner.
However, we will prove it here, since we believe our proof is short and more simple.
Proposition 4.1. Let π : (M, ∇) → (B, ∇∗) be an affine submersion, and let E = H+V be
a vector field on a curve σ in M. Then we have
H(E ′) = (E ′∗)˜ +HTor(∇)(U, H) + AH U + AX V + TU V, (4.1)
V(E ′) = AX H + TU H + V(V ′), (4.2)
where X = Hσ ′ and U = Vσ ′.
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Proof. We work in a neighborhood of an arbitrary point σ(t) of the curve. Let B1, . . . , Bn
(n = dim B) be a base field near π(σ(t)) on B and B˜1, . . . , B˜n their horizontal lifts. Let
F1, . . . , Fl be a vertical base field near σ(t), where l is the dimension of fibers. Set H =∑
i a
i (B˜i |σ ), V =
∑
j b j (Fj |σ ), X =
∑
k c
k(B˜k |σ ) and U =
∑
m dm(Fm |σ ), where ai , b j , ck
and dm are real valued functions on a neighborhood of t and B˜i |σ (resp. Fm |σ ) are vector fields
along the curve σ defined by (B˜i |σ )s := (B˜i )σ(s) (resp. (Fm |σ )s := (Fm)σ(s)). We have
H(E ′)t =H
{∑
i
ai
′
(t)( B˜i )σ(t) +
∑
i
ai (t)(∇σ ′(t)B˜i )σ(t)
+
∑
j
b j ′(t)(Fj )σ(t) +
∑
j
b j (t)(∇σ ′(t)Fj )σ(t)
}
=
∑
i
ai
′
(t)( B˜i )σ(t) +
∑
i,k
ai (t) ck(t)H(∇B˜k B˜i )σ(t)
+
∑
i,m
ai (t) dm(t)H(∇Fm B˜i )σ(t) + (AX V )σ(t) + (TU V )σ(t).
SinceH[B˜i , Fm] = 0, the third term can be described as∑
i,m
ai (t) dm(t)H(∇Fm B˜i )σ(t)
=
∑
i,m
ai (t) dm(t){H(Tor(∇)(Fm, B˜i ))σ(t) + (AB˜i Fm)σ(t)}
= HTor(∇)(U, H)σ(t) + (AH U )σ(t).
On the other hand, we obtain
(E ′∗)t =
∑
i
{
ai
′
(t) (Bi )π(σ(t)) + ai (t) (Bi |π◦ σ )′π(σ(t))
}
=
∑
i
ai
′
(t)(Bi )π(σ(t)) +
∑
i,k
ai (t)ck(t)(∇∗Bk Bi )π(σ(t)).
Then the equation (4.1) holds. By a similar calculation, the equation (4.2) can be proved. 
Write σ ′′ for the acceleration of σ , that is, the covariant derivative of σ ′.
Corollary 4.2. Let σ be a curve in M with X = Hσ ′ and U = Vσ ′. Then
H(σ ′′) = (σ ′′∗ )˜ +HTor(∇)(U, X) + 2AXU + TU U,
V(σ ′′) = AX X + TU X + V(U ′),
where σ ′′∗ is the acceleration of (π ◦ σ).
Setting Hσ ′′ = 0 and Vσ ′′ = 0 thus gives a pair of equations necessary and sufficient for
σ to be a geodesic of M . If σ is a geodesic, then π ◦ σ is a geodesic of B if and only if
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HTor(∇)(U, X)+ 2AXU + TU U = 0. In particular, if σ is a horizontal geodesic (U = Vσ ′ =
0), then π ◦σ is a geodesic. This is well known in a semi-Riemannian submersion, see [13], for
example. In a semi-Riemannian submersion, the horizontal lift of a geodesic of B is geodesic,
but in our case, this is not true in general by the existence of the term AX X . If A is alternative
for horizontal vectors, then the following can be proved.
Corollary 4.3. Let π : (M, ∇) → (B, ∇∗)be an affine submersion with horizontal distribution
H(M) such that AZ Z = 0 for all horizontal vectors Z. Then every horizontal lift of a geodesic
of B is a geodesic of M.
Moreover, we have
Proposition 4.4. Every geodesic of M which has a horizontal tangent vector is always hori-
zontal if and only if AZ Z = 0 for any horizontal vector Z.
Proof. Let σ be a geodesic of M . From the equations HU ′ = AXU + TU U and VU ′ =
−AX X − TU X , it follows that U ′ = AXU + TU U − AX X − TU X . Hence if AZ Z = 0 for any
horizontal vector Z , we have U ′ = AXU + TU U − TU X . Obviously the zero vector field is a
solution of this differential equation. Therefore the geodesic which has a horizontal vector is
always horizontal. Conversely, for any point p ∈ M and an horizontal vector X p at this point,
take a geodesic σ such that σ(0) =p and σ ′(0) = X p. Since σ is always horizontal, that is,
U ≡ 0, we have AX p X p = 0. 
We can prove the following corollary using Corollary 4.3.
Corollary 4.5. If ∇ is geodesically complete and AZ Z = 0 for any horizontal vector Z , then
∇∗ is geodesically complete.
Proof. Let γ be a geodesic segment of B and γ˜ its horizontal lift to M . γ˜ is a geodesic since
AZ Z = 0 for any horizontal vector Z . Since ∇ is complete, γ˜ can be defined on the entire real
line. The projected curve of this extension of γ˜ is a geodesic and the extension of γ . 
Corollary 4.6. The affine submersion π is a geodesic preserving map if and only if
TW W = 0 and HTor(∇)(W, Y ) + 2AY W = 0,
for any vertical vector W and horizontal vector Y . Moreover when
HTor(∇)(W, Y ) = 0 and HTor(∇)(W, V ) = 0,
the following conditions are equivalent:
(1) π is a geodesic preserving map.
(2) TV W = 0 and AZ W = 0 for any vertical vectors V, W and horizontal vector Z.
(3) The vertical distribution is parallel with respect to ∇.
Proof. Let p be any point of M . For any horizontal vector X and vertical vector U at this point,
take a geodesic σ1 such that σ1(0) = p and σ ′1(0) = X + U . Since π is a geodesic preserving
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map, π ◦ σ1 is a geodesic. Using Corollary 4.2, we have
HTor(∇)(U, X) + 2AXU + TU U = 0 at p ∈ M. (4.3)
Next we take a geodesic σ2 such that σ2(0) = p and σ ′2(0) = X − U . Then we also have
−HTor(∇)(U, X) − 2AXU + TU U = 0 at p ∈ M. (4.4)
From (4.3) and (4.4), we obtain TU U = 0 for any vertical vector U at any point p. Moreover
we getHTor(∇)(U, X)+ 2AXU = 0 for any vertical vector U and horizontal vector Y .
Next assumeHTor(∇)(W, Y ) = 0 andHTor(∇)(W, V ) = 0.
(1) ⇔ (2). It is clear from the argument above and Lemma 3.2.
(2) ⇔ (3). FromH∇E V = AHE V +TVE V for any vector field E and vertical vector field V ,
we get the desired result. 
Remark. If π is the affine submersion in the sense of Blumenthal, then it is a geodesic
preserving map.
5. Examples
The affine submersion in the sense of Blumenthal
Blumenthal called a submersion π : (M, ∇) → (B, ∇∗) an affine submersion if π∗ com-
mutes with the parallel translations induced by affine connections on M and B, respectively.
Theorem 5.1. π : (M, ∇) → (B, ∇∗) is an affine submersion in the sense of Blumenthal if and
only if for an arbitrary horizontal distribution, π : (M, ∇) → (B, ∇∗) is an affine submersion
such that TV W = 0, AY V = 0 and H∇V X˜ = 0, where V , W are vertical, Y is horizontal and
X˜ is the horizontal lift of a vector field X on B.
Proof. At first, we assume that π : (M, ∇) → (B, ∇∗) is an affine submersion in the sense
of Blumenthal. It is easy to prove that ∇E F is π -related to ∇∗E∗ F∗, where vector fields E and
F on M are π -related to E∗ and F∗, respectively. Hence π : (M, ∇) → (B, ∇∗) is an affine
submersion for an arbitrary horizontal distribution and ∇V W , ∇Y V , ∇V X˜ are vertical, where
V and W are vertical, X˜ is the horizontal lift of X and Y is horizontal.
Conversely, suppose that π : (M, ∇) → (B, ∇∗) is an affine submersion for an arbitrary
horizontal distributionH(M). Let E and F be vector fields on M which are π -related to E∗ and
F∗, respectively. Then the horizontal lifts of E∗ and F∗ are HE and HF , respectively. Hence,
from the definition of an affine submersion with horizontal distribution, it follows that
π∗(∇HEHF) = ∇∗E∗ F∗. (5.1)
Setting V = VE and W = VF , we obtain
π∗(∇E F)= π∗(∇HEHF) + π∗(∇HE W ) + π∗(∇VHF) + π∗(∇V W )
= π∗(∇HEHF).
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To get the last equality, we used TV W = 0, AY V = 0 and H∇V X˜ = 0, where V , W are vertical,
Y is horizontal and X˜ is the horizontal lift of a vector field X on B. Hence (5.1) implies that
∇E F is π -related to ∇∗E∗ F∗. This fact assures us that π∗ commutes with the parallel translations.

From Theorem 5.1, we have N1 = TM and N2 = N3 = N4 = V(M). Conversely,
π : (M, ∇) → (B, ∇) is an affine submersion with horizontal distribution satisfyingN1 = TM ,
N2 = N3 = N4 = V(M) and H∇V X˜ = 0 for any vertical vector field V and basic vector field
X˜, then it is the affine submersion in the sense of Blumenthal. From (3.19), we see that the
condition thatH∇V X˜ = 0 for all vertical vector field V and basic vector field X˜ is independent
of the choice of horizontal distribution.
Remark. The differential map of the inclusion from each fiber to M commutes with the parallel
translations induced by affine connections on M and each fiber if and only if TV V = 0 for any
vertical vector V with respect to any horizontal distribution.
Statistical manifolds
Let M be a semi-Riemannian manifold with metric gM and ∇ a (not necessary Levi-
Civita) connection. The conjugate connection ∇ of ∇ with respect to gM is defined by
EgM (F, G) = gM (∇E F, G)+ gM (F,∇E G), where E, F and G are arbitrary vector fields on M .
Let B be a semi-Riemannian manifold with metric gB . We say that a submersion π : M → B
is a semi-Riemannian submersion if all fibers are semi-Riemannian submanifolds of M and π∗
preserves scalar products of vectors normal to fibers. Let ∇∗ be a connection on B and ∇∗ the
conjugate connection of ∇∗ with respect to gB .
Proposition 5.2. Assume that π : (M, gM ) → (B, gB ) is a semi-Riemannian submersion. Then
π : (M, ∇) → (B, ∇∗) is an affine submersion with horizontal distributionH(M) = V(M)⊥ if
and only if π : (M,∇) → (B,∇∗) is an affine submersion with the same horizontal distribution.
Proof. Let X˜,Y˜ and Z˜ be the horizontal lifts of vector fields X , Y and Z on B. For an arbitrary
point p on M , setting x = π(p), we have
X˜ pgM (Y˜ , Z˜)= X˜ p
(
gB (Y, Z) ◦ π
) = Xx gB (Y, Z)
= gB (∇∗Xx Y, Zx) + gB (Yx , ∇∗Xx Z).
On the other hand, we get
X˜ pgM (Y˜ , Z˜)= gM (∇X˜p Y˜ , Z˜ p) + gM (Y˜p, ∇X˜p Z˜)
= gB
(
π∗(∇X˜p Y˜ ), Zx
) + gB (Yx , π∗(∇X˜p Z˜)).
Thus these equations imply
gB
(
Yx , ∇∗Xx Z − π∗(∇X˜p Z˜)
) = gB (π∗(∇X˜p Y˜ ) − ∇∗Xx Y, Zx). 
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Remark. In [4], for a Riemannian submersion, if the assumption in Theorem 2.1 is satisfied,
they say that ∇ transfer to B.
In the case where π : (M, gM ) → (B, gB ) is a semi-Riemannian submersion, let T and
A be the fundamental tensors with respect to the affine submersion π : (M, ∇) → (B, ∇∗)
with horizontal distribution H(M) = V(M)⊥. Note that gM (TE F, G) = −gM (F, T¯E G) and
gM (AE F, G) = −gM (F, A¯E G), where T¯ and A¯ are the fundamental tensors with respect to
the affine submersion π : (M,∇) → (B,∇∗) with horizontal distributionH(M) = V(M)⊥. Set
SE F := ∇E F −∇E F for any vector fields E and F on M . From a straightforward calculation,
we have
Lemma 5.3. If π : (M, gM ) → (B, gB ) is a semi-Riemannian submersion and π : (M, ∇) →
(B, ∇∗) is an affine submersion with horizontal distribution V(M)⊥, then for horizontal vectors
X , Y and vertical vectors U , V , W , we have
(∇X˜1 gM )( X˜2, X˜3) = ((∇∗X1 gB )(X2, X3)) ◦ π,
(∇V gM )(X, Y ) = −g(SV X, Y ),
(∇X gM )(V, Y ) = −gM (AX V, Y ) + gM ( A¯X V, Y ),
(∇X gM )(V, W ) = −gM (SX V, W ),
(∇V gM )(X, W ) = −gM (TV X, W ) + gM (T¯V X, W ),
(∇U gM )(V, W ) = (∇ˆU gˆM )(V, W ),
where X˜i are the horizontal lifts of vector fields Xi on B, respectively (i = 1, 2, 3) and gˆM is
the induced metric on the fibers.
For a torsion-free affine connection ∇ and a metric gM on a manifold M , we say that
(M, ∇, gM ) is a statistical manifold if ∇gM is a symmetric (0, 3)-tensor. In the case where ∇ is
torsion-free, ∇gM is a symmetric (0, 3)-tensor if and only if ∇ is torsion-free. From Lemma 5.3,
we have
Theorem 5.4. Assume that Tor(∇) = 0, π : (M, gM ) → (B, gB ) is a semi-Riemannian submer-
sion and π : (M, ∇) → (B, ∇∗) is an affine submersion with horizontal distribution V(M)⊥.
Then (M, ∇, gM ) is a statistical manifold if and only if the following conditions hold:
(1) HSV X = AX V − A¯X V .
(2) VSX V = TV X − T¯V X.
(3) (π−1(b),∇ˆb, gˆb
M
) is a statistical manifold for each b ∈ B.
(4) (B, ∇∗, gB ) is a statistical manifold.
Reductive homogeneous spaces
We say that an affine connection ∇ on a manifold M is invariant by a diffeomorphism
ϕ : M → M if ϕ∗(∇E F) = ∇ϕ∗ Eϕ∗F for any vector fields E and F on M . Let π : (M, ∇) →
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(B, ∇∗) be an affine submersion with horizontal distribution H(M). From the definition, we
have
Lemma 5.5. Assume that there exist diffeomorphisms f : M → M and f¯ : B → B such that
f¯ ◦ π = π ◦ f . If f∗(H(M)p) = H(M) f (p) and ∇ is invariant by f , then ∇∗ is invariant by f¯ .
Assume that a Lie group K acts on a manifold M on the right and M/K is a smooth manifold.
The right action is denoted by Rh(p) = ph for p ∈ M and h ∈ K . Moreover we assume that
the natural projection π is a smooth submersion with horizontal distributionH(M). Let ∇ be an
affine connection on M . Because of Theorem 2.1, if Rh∗H(∇X˜Y˜)p = H(∇X˜Y˜)ph for all p ∈ M
and h ∈ K , then we get a unique connection ∇∗ on M/K such that π : (M, ∇) → (M/K , ∇∗)
is an affine submersion with horizontal distributionH(M).
Now we consider the case where M is a Lie group G and K is a closed subgroup of G.
The Lie algebras of G and K are denoted by G and K, respectively. The homogeneous space
G/K is assumed to be reductive, i.e., G is decomposed into a vector space direct sum K and
an ad(K )-invariant subspace M. We set o := π(e) and identify M with To(G/K ). The left
invariant vector field determined by E ∈ G is denoted by E¯ , namely, E¯a := La∗e(E) (a ∈ G),
where La is the left translation by a. Let L¯b be an action on G/K defined by L¯b(π(a)) = π(ba)
for a, b ∈ G. Note that π ◦ La = L¯a ◦ π for all a ∈ G. We define the horizontal distribution
by this decomposition of G, that is, H(G)a := La∗e(M). Note that Rh∗(H(G)a) = H(G)ah for
h ∈ K . Let ∇ be a left invariant connection on G, that is, ∇ is invariant by La for all a ∈ G.
Assume that this left invariant connection given by a bilinear function α : G × G → G, thus,
(∇E¯ F¯)e = α(E, F) for E , F ∈ G. Such a bilinear function is called a connection function. It is
easy to prove the following lemma.
Lemma 5.6. If the connection function α of a left invariant connection ∇ on G satisfies
ad(h)Hα(X, Y ) = Hα(ad(h) X, ad(h) Y ) for X, Y ∈ M,
then
Rh∗H(∇X¯ Y¯ )g = H(∇Rh∗ X¯ RhY¯ )gh,
or equivalently
Rh∗H(∇X ′Y ′)g = H(∇Rh∗ X ′ Rh∗Y ′)gh,
for all horizontal vector fields X ′ and Y ′.
By Theorem 2.1 and Lemma 5.5, we have
Proposition 5.7. If α satisfies the same assumption as in Lemma 5.6, then there exists a unique
connection ∇∗ on G/K such that π : (G, ∇) → (G/K , ∇∗) is an affine submersion. Moreover
∇∗ is invariant by L¯a for all a ∈ G.
A connection which is invariant by L¯a for all a ∈ G is called invariant connection on
G/K . There exists a one-to-one correspondence between the set of all invariant connec-
tion on G/K and the set of all bilinear function α∗ on M × M with values in M such that
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ad(h)α∗(X, Y ) = α∗(ad(h) X, ad(h)Y ) for X , Y ∈ M and h ∈ K [8]. The connection function
α∗ of this invariant connection ∇∗ is given by
α∗(X, Y ) = Hα(X, Y ) for X, Y ∈ M. (5.2)
The fundamental tensor fields are left invariant and hence are determined by their values
at e. The fundamental tensors are described as follows. For V , W ∈ K and X , Y ∈ M, we have
(TV W )e = Hα(V, W ), (TV X)e = Vα(V, X),
(AX Y )e = Vα(X, Y ), (AX V )e = Hα(X, V ),
(TE V + AE V )e = Hα(E, V ).
Especially, if α(E, F) = (12)[E, F] for E , F ∈ G, then we have
(TV W )e = 0 and (TE V + AE V )e = (AE V )e = 12 H[E, V ] = 12 [HE, V ]
for V, W ∈ K and E ∈ G. Then it follows thatN3e = N4e = K,N1e ⊃ K andN2e ⊃ C∩K, where
C is the center of G. From Lemma 3.6 andH(∇V[X˜,Y˜]Z˜)e = −[V[X, Y ], Z ]+ α(V[X, Y ], Z), we
have the well-known formula
R˜∗(X, Y ) Z = α∗(H[X, Y ], Z) − α∗(X, α∗(Y, Z))
+ α∗(Y, α∗(X, Z)) + [V[X, Y ], Z ],
where R˜∗ is identified with the curvature tensor R∗ of ∇∗ on G/K and X , Y , Z ∈ M.
If a connection function α satisfies α(E, E) = 0 for all E ∈ G, then the left invariant con-
nection determined by α is geodesically complete. Hence by Corollary 4.5 and Proposition 5.7,
we can prove the following corollary.
Corollary 5.8. If α(E, E) = 0 for all E ∈ G, then ∇∗ is geodesically complete.
For invariant connections on a reductive homogeneous space, the following fact was proved
in [8]. Using Corollary 4.2, Proposition 5.7 and (5.2), we have another proof.
Corollary 5.9. The following condition are equivalent:
(1) Let x(s) be the 1-parameter subgroup of G generated by an element X ∈ M, and let
x∗(s) be the image of x(s) by the projection π . Then x∗ is a geodesic.
(2) α∗(X, X) = 0 for every X ∈ M.
Thomas–Whitehead connections
Let π : M → B be a principal fiber bundle with a structure group G whose Lie algebra
is G. If ω is a connection 1-form, then we can define the horizontal distributionH(M) = Ker ω,
which is invariant by right action of G. We assume that there exist an affine connection ∇
on M which is invariant by right action. Then by Theorem 2.1, there exist a unique affine
connection ∇∗ on B such that π : (M, ∇) → (B, ∇∗) is an affine submersion with horizontal
distribution H(M). Let T and A be the fundamental tensors of this affine submersion with
horizontal distribution H(M). Take another connection 1-form ω¯ and let ∇∗ be its induced
connection on B. We consider the relation of two connections ∇∗ and ∇∗ . Let X , Y be vector
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fields on B. Denote ω-horizontal lifts of X and Y by X˜ and Y˜ and ω¯-horizontal lifts by X¯ and
Y¯ . For a G-valued 1-form ρ, we define V(M)-valued 1-form ρˆ by ω(ρˆ(E)) = ρ(E) ∈ G for
each E ∈ Tp M .
Proposition 5.10. For η := ω − ω¯, there exist unique (1, 2)-tensors C and D on B such that
CX Y = π∗(Tηˆ(X¯)ηˆ(Y¯ )), DX Y = π∗(AX˜ηˆ(Y¯ ))
and
∇∗X Y = ∇∗X Y + DY X + DX Y + CX Y
for vector fields X and Y on B.
Proof. Since invariance of ∇ and R∗gη = ad(g−1)η for all g ∈ G, we have
ω(Rg∗ηˆ( X¯)) = ad(g−1) ω(ηˆ( X¯)) = ad(g−1) η( X¯) = η(Rg∗ X¯) = η( X¯),
that is, Rg∗ηˆ(X¯) = ηˆ(X¯). Then this implies
Rg∗ AX˜ηˆ(Y¯ ) = Rg∗H∇X˜ηˆ(Y¯ ) = H∇Rg∗X˜(Rg∗ηˆ(Y¯ )) = H∇X˜ηˆ(Y¯ ) = AX˜ηˆ(Y¯ ).
Also, Rg∗Tηˆ(X¯)ηˆ(Y¯ ) = Tηˆ(X¯)ηˆ(Y¯ )holds. Hence vector fields AY˜ ηˆ(X¯)and Tηˆ(X¯)ηˆ(Y¯ )are basic vector
fields. We can define (1, 2)-tensor C and D on B by
CX Y := π∗(Tηˆ(X¯)ηˆ(Y¯ )) and DX Y := π∗(AX˜ηˆ(Y¯ ))
for vector fields X and Y on B. From
H¯∇VX¯HY¯ = H¯∇VX¯ Y˜ = H¯H∇VX¯ Y˜ = H¯AY˜(VX¯)
and
VX¯ = (V− V¯)( X¯) = (ωˆ − ˆ¯ω)( X¯) = ηˆ( X¯),
the equation (3.20) implies the last equation. 
Let n(T ∗ B) be the set of all n-forms on B and R+ the set of positive real numbers. Setting
M = n(T ∗ B) − {0}/{±1},
M is the bundle of volume elements on a manifold B, which is a principal R+-bundle with
right action Ra[µ] = [aµ] for a ∈ R+. A torsion-free affine connection ∇ is said to be a
Thomas–Whitehead projective connection if the following conditions hold:
∇ξ = − 1
n + 1 id
and
∇ is invariant by the right action of R+,
where ξ is the fundamental vector field corresponding to 1 ∈ R ∼= T1R+ and id the identity
(1, 1)-tensor. Let ω be a connection 1-form on M . Then there exists a unique affine connection
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∇∗ on B such that π : (M, ∇) → (B, ∇∗) is an affine submersion with horizontal distribution
H(M) = ker ω. The fundamental tensors are described by
Tξ ξ = 0, Tξ X = 0 and AXξ = − 1
n + 1 X,
where X is a horizontal vector. Then we have N1 = N3 = N4 = V(M) and N2 = {0}. If ω¯ is
another connection, then for vector fields X and Y on B, we have
C = 0 and DX Y = − 1
n + 1η
∗(Y ) X,
where η∗ is 1-form on B defined by η∗(Y ) = η(Y¯ ). Hence, from Proposition 5.10, it follows
that
∇∗X Y = ∇∗X Y −
1
n + 1η
∗(X) Y − 1
n + 1η
∗(Y ) X.
Therefore induced connections are projectively equivalent each other. For more details, see [6]
and [15], for example.
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